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1 Introduction to Sobolev Spaces

1.1 Sobolev spaces and uniqueness of distributional derivatives

Throughout this section, Ω ⊆ Rd is a nonempty, open set.

Proposition 1.1. Let f ∈ L1
loc(Ω) be such that

∫
Ω fφ dx = 0 for all φ ∈ C∞c (Ω). Then

f ≡ 0 a.e.

Proof. Let ρ ∈ C∞c (Rd) be such that ρ ≥ 0,
∫
Rd ρ dx = 1, and supp(ρ) = B1(0). Set

ρε(x) = ε−dρ(x/ε). Let x ∈ U , and let 0ε0 < dist(x, ∂Ω). Then

ρε ∗ f(x) =

∫
Bε(x)

ρε(x− y)f(y) dy = 0, 0 < ε < ε0.

Thus, for almost every x,
0 = f(x) = lim

ε→0
ρε ∗ f(x).

Definition 1.1. Let 1 ≤ p ≤ ∞, and let m ∈ N. We say that f ∈W p,m
loc (Ω) if f ∈ Lploc(Ω)

and if for every multi-index α ∈ Nn such that |α| ≤ m, there exists gα ∈ Lploc(Ω) such that∫
Ω
f∂αφdx = (−1)|α|

∫
Ω
gαφdx ∀φ ∈ C∞c (Ω).

In other words, the distributional derivative ∂αf ∈ Lploc. When f ∈ Lp(Ω) and gα ∈ Lp(Ω)
for |α| ≤ m, we write f ∈Wm,p(Ω).

Remark 1.1. Thanks to the previous proposition, when gα exists, it is uniquely determined
a.e.
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1.2 Translation of distributions

Notation: Let φ ∈ C∞c (Ω), and let y ∈ Rd. We set φy(x) = φ(x− y) = (τyφ)(x). Note that
supp(ϕy) = supp(φ) + y. Set

Oφ = {y ∈ Rd : y + supp(φ) ⊆ Ω} = {y ∈ Rd : supp(φy) ⊆ Ω}.

Proposition 1.2. Oφ is open and nonempty.

Proof. Let y ∈ Oφ, and set δ = dist(y + supp(φ),Ωc) > 0. If y ∈ Oφ, then Bδ/2(y) ⊆ Oφ.
Hence, Oφ is open. Oφ 6= ∅ because 0 ∈ Oφ.

Proposition 1.3. If T ∈ D′(Ω), y 7→ T (φy) is continuous.

Proof. Let (yn)n ⊆ Oφ be a sequence converging to y. We are to show that limn T (φyn) =
T (φy). Note that

φyn(x) = φ(x− yn) = φ(x− y)−
∫ 1

0
∇φ(x− y + t(yn − y)) · (yn − y) dt.

This gives us that (φyn)n converges to φy in C∞c . Indeed,

|∂αφy−N − ∂αφy| ≤ ‖∇∂αφ‖∞‖yn − y‖.

Since T is continuous, we conclude that

lim
n
T (φyn) = T (φy).

Theorem 1.1. Let φ ∈ C∞c (Ω), and let T ∈ D′(Ω). Set f(y) = T (φy) for y ∈ Oφ.

1. f ∈ C∞(Oφ), and

Dαf(y) = (−1)|α|T ((Dαφ)y).

2. If ψ ∈ L1(Oφ) has compact support, then

T (ψ ∗ φ) =

∫
Oφ

ψ(y)f(y) dy.

Proof. One proves by induction on α that ∂αf exists, is continuous, and satisfies the
equation. Assume |α| = 1. Let e1, . . . , ed be the standard basis of Rn. We have for t ∈ R

φy+tei(x) = φ(x− y − tei) = φ(x− y)−
∫ 1

0
∂iφ(x− y − tτei) dτ.

Hence,
φy+tei(x)− φy(x)

t
= −

∫ 1

0
∂iφ(x− y − tτei) dτ.
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In fact, we have

∂αφy+tei(x)− ∂αφy(x)

t
= −

∫ 1

0
[∂α∂iφ(x− y − tτei)− ∂α∂iφ(x− y)] dτ − ∂α∂iφ(x− y).

This shows that
φy + teu − φy

t
(x)→ −∂iφ(x− y)

pointwise and in C∞c (Ω). Hence,

lim
t→0

f(y + tei)− f(y)

t
= lim

t→0

T (φy + tei)− T (φy)

t
= lim

t→∞
T

(
φy+tei − φy

t

)
= T (−(∂φ(x))y).

Since ∂iφ ∈ C∞c (Ω), by the previous proposition, y → T ((∂iφ)y) is continuous. In conlcu-
sion, f is continuously differentiable, and ∇d(y) = −T ((∇φ)y). This concludes the proof
of the first statement when |α| = 1. By induction, we obtain the result for all α.

We will prove the second statement next time.
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